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what is systems biology?

how do the collective interactions of dead molecules give rise to 
the physiology of the living organism?



theory in biology

“The lack of real contact between 
mathematics and biology is either a 
tragedy, a scandal, or a challenge, it is 
hard to decide which.”

Marc Kac, Gian-Carlo-Rota & Jacob Schwartz, 
Discrete Thoughts: Essays on Mathematics, 
Science and Philosophy, Birkhauser, 1993

“Eugene Wigner wrote a famous essay 
on the unreasonable effectiveness of 
mathematics in natural sciences. He 
meant physics, of course. There is only 
one thing which is more unreasonable 
than the unreasonable effectiveness of 
mathematics in physics, and this is the 
unreasonable ineffectiveness of 
mathematics in biology.”

Israel Gelfand, as quoted in Alexandre Borovik, 
Mathematics Under the Microscope: Notes 
on Cognitive Aspects of Mathematical 
Practice, online version, 3 January 2007.

Contemplators. Bibliophiles and polyglots. 
Megalomaniacs. Instrument addicts. Misfits. 
Theorists.



revisionism



Gunawardena, Mol Biol Cell, 24:1827-9 2013

Gunawardena, Mol Biol Cell, 25:3441-4 2014

Gunawardena, Mol Biol Cell, 23:517-9 2012

Gunawardena, BMC Biology, 12:29 2014



eukaryotic gene regulation

Angela DePace Javier Estrada Felix Wong

Estrada, Wong, DePace, Gunawardena, “Higher order cooperativity and energy dissipation 
can sharpen switching of eukaryotic genes”, submitted, 2015

Ahsendorf*, Wong*, Eils, Gunawardena, “A framework for modelling gene regulation which 
accommodates non-equilibrium mechanisms”, BMC Biology 12:102 2014.

joint work with:

Roland EilsTobias Ahsendorf



eubacterial gene regulation

● transcription factor (TF) binding motifs ~16bp on average
● pairwise cooperative interactions TF-DNA, TF-TF, TF-RNAP
● regulation takes place without energy expenditure



eukaryotic gene regulation I

Mediator

nucleosome

● TF binding motifs ~8bp on average
● information integration over long distances
● many forms of energy expenditure 

● chromatin reorganisation
● nucleosome remodelling
● PTM of histone tails, TFs, co-regulators, RNAP
● DNA methylation



eukaryotic gene regulation II 

Wray, Hahn, Abouheif, Balhoff, Pizer, Rockman, Romano, “The evolution of transcriptional 
regulation in eukaryotes”, Mol Biol Evol 20:1377-419 2003



sharpness in gene regulation

Hb expression

Hill function

“consistent with the idea that Hb transcription is activated by cooperative binding 
of effectively five Bcd molecules”

pairwise cooperativity

Gregor, Tank, Wieschaus, Bialek, “Probing the limits to positional information”, Cell 130:153-64 
2007



A V Hill, “The combinations of haemoglobin with oxygen and with 
carbon monoxide”, Biochem J 7:471-80 1913

Engel, “A hundred years of the Hill equation”, Biochem J 2013

Archibald Vivian Hill
1886 - 1977

“The Hill equation remains what Hill intended it to be: an empirical descriptor”

Weiss, “The Hill equation revisited: uses and misuses”, FASEB J 11:835-41 1997

“Despite its appealing simplicity, the Hill equation is not a physically realistic 
reaction scheme, raising the question of whether it should be abandoned in 
favor of realistic schemes; at the very least, its limitations should be more 
widely recognized”

the Hill function

Hill coefficient



Gunawardena, “A linear framework for time-scale separation in nonlinear biochemical systems”, 
PLoS ONE 7:e36321 2012; Mirzaev & Gunawardena, “Laplacian dynamics on general graphs”, 
Bull Math Biol 75:2118-49 2013; Gunawardena, “Time-scale separation: Michaelis and Menten's 
old idea, still bearing fruit”, FEBS J 281:473-88 2014.

nonlinear

part or all of 
the sub-system 
is represented 

by a graph

system

sub-system

steady state

FE  +  S FE
a[S]a

nonlinear with simple rate 
constants

linear with complex labels subject 
to an “uncoupling condition”

linear

the linear framework

“fast”

“slow”

timescale separation



macroscopic interpretation

labelled directed 
graph (no self-loops)

Laplacian matrix

Gustav Kirchhoff, “Uber die Auflosung der Gleichungen, auf welche man bei der Untersuchung 
der linearen Verteilung galvanischer Strome gefuhrt wird”, Ann Phys Chem, 72:497-508 1847

conservation law

Laplacian dynamics

one-dimensional chemistry



microscopic interpretation

let           be a time-homogeneous Markov process on the states                      

for which infinitesimal transition rates exist –

define the graph,         , with vertices                  and an edge              iff 

give this edge the label 

the master equation (Kolmogorov forward equation), for the probability of        

Mirzaev & Gunawardena, “Laplacian dynamics on general graphs”, Bull Math Biol 75:2118-49 2013

 being in state i  at time t, is identical to Laplacian dynamics on           

      



basic results

● for any graph, G, the dynamics always tends to a stable steady state

Mirzaev & Gunawardena, Bull Math Biol 75:2118-49 2013

● in general, the kernel is determined by the terminal strongly 
connected components

● if G is strongly connected, there is an unique steady state up to scalars

● and a canonical basis element is given by the Matrix-Tree Theorem

spanning trees 
rooted at i

positive



if there is a steady state

elimination of internal complexity

single degree of freedom

if the x
i
 are probabilities, then 

the probability of being in state i, is then 

strongly-connected graph



linear framework in gene regulation

Ahsendorf*, Wong*, Eils, Gunawardena, BMC Biology 12:102 2014.



principle of detailed balance: at thermodynamic equilibrium, every reaction is 
reversible and each pair of reversible reactions is separately at equilibrium, 
irrespective of any other reactions in which the components participate

Gilbert Lewis, “A new principle of equilibrium”, PNAS 11:179-83 1925

BA

C

k2

k4

k3k6

k5

k1

cycle condition

thermodynamic equilibrium



away from thermodynamic equilibrium

thermodynamic equilibrium sets an upper bound to how well information processing 
tasks can be undertaken by a biochemical system. 

the only way to exceed this barrier is to dissipate energy and maintain the system 
away from equilibrium

“THE HOPFIELD BARRIER”



gene regulation model

graph Gn for n = 3 sites



higher-order cooperativity at equilibrium

higher-order 
cooperativity

Mediator

exchange formula

independent parameters



gene regulation function

gene regulation 
function



sharpness

“steepness” “position”

normalisation



pairwise cooperativity at equilibrium

Hill functions



all higher-order cooperativities at equilibrium



the Hill function, revisited yet again

gene regulation function on n sites Hill function with integer coefficient k

the Hill function appears to be more “realistic” than previously thought but it lies 
on the boundary of what is possible



“statistically-indistinguishable from”



n = 3 sites

sharpness away from equilibrium

“Hopfield barrier”



history dependence

equilibrium GRF:

non-equilibrium GRF:

n = 2 sites 4 spanning trees

n = 3 sites 384 spanning trees

n = 4 sites ?



history dependence!

equilibrium GRF:

non-equilibrium GRF:

n = 2 sites 4 spanning trees

n = 3 sites 384 spanning trees

n = 4 sites 42,467,328 spanning trees
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