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Chapter 1

In tro duction

With geometryscannersbecomingmore widespreadand a corresponding growth in

the number and complexity of scannedmodels,robustand e�cient geometryprocess-

ing becomesincreasinglydesirable.Even with high-�delit y scanners,the acquired3D

modelsare invariably noisy [Rusinkiewiczet al. 2002;Levoy et al. 2000],and therefore

require smoothing (We usedenoisingand smoothing interchangeablyin this thesis.).

Similarly, shapesextracted from volume data (obtained by MRI or CT devices,for

instance)often contain signi�cant amounts of noise,be it geometricnoisefrom inaccu-

rate sensors[Taubin 1995;Desbrunet al. 1999],or topologicalnoisedue to occlusions

or sensorfailures [Guskov and Wood 2001; Wood et al. 2002]. This noisemust be

removed before further processing. Removing noise while preserving the shape is,

however, no trivial matter. Sharp featuresoften blurred if no special care is taken in

the smoothing process.To make matters worse,meshesfrom scannersoften contain

cracks and non-manifoldregions.Many smoothing methodsdi�use information along

the surface,and cannot e�ectively smooth regionsthat are not manifold.

In order to state this more formally, we introduce someterminology. Let S be

a surface. Let X = f x1; x2; :::; xN g be a set of point samplesfrom the surface.

The samplesmay include other data, such as normals, N = f nx 1 ; nx 2 ; :::; nx N g, or

connectivity information such as a set of neighbors for each sample, or polygons

de�ned on the samples.

The samplesX may alsobe noisy. This noisemay be independent from sampleto
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sample(e.g.,dueto thermal noisein a CCD), correlatedor even systemic(e.g.,dueto

a miscalibration resulting in biasedmeasurements). We will in generalassumethat

the noiseis uncorrelatedbetweensamples,but not characterizedfurther. Removal of

noisethat doesnot match theseassumptionsis an interesting open problem [Levoy

et al. 2000].

Given the samplesX , there are several interesting issues.The surface reconstruc-

tion problemis to estimateS from X . Somereconstructionalgorithmsoperatedirectly

on noisy samples.However, somereconstructionmethods (e.g. [Amenta et al. 1998])

do not remove noiseduring reconstruction; instead,the noisemust be removed before

or afterwards. Noisecan be removed prior to reconstruction by forming a denoised

estimate �x i for each samplex i . Forming such estimatesis the goal of this thesis. In

general, we do not addressthe reconstruction problem, though we do discusshow

somerelated work attempts to simultaneouslyreconstructS while smoothing out the

noisefrom X .

There are several methods for performing denoisingdepending on what other in-

formation, such as normals or connectivity, is available. Many of theseare directly

analogousto methods from imageprocessing.However, as in imageprocessing,naive

methods are generally not feature preserving. In other words, if thesemethods are

usedfor smoothing, they will not preserve the edgesand cornersof S. In this thesis,

we present smoothing methods that respect features de�ned by tangent plane dis-

continuities in S (i.e. edgesand corners). This is not the only possiblede�nition of

feature: A changein �ne-scale texture on S could be perceived asa visual boundary

without a large change in surfacetangent. This is a much more generalproblem,

which we do not address.

We alsonote an inherent ambiguity in present in surfacesbut not images:images

have a natural separationbetweenlocation and signal, but on surfaces,the location

and signal are intertwined. We will discussthis ambiguity further in the following

chapter.
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1.1 Our Goal

Goal: Given noisy samplesX of a surfaceS, estimate denoisedsamples �X while

preservingthe featuresof S captured by X .

This problem is di�cult sincethe only information we have about S is contained

in the samplesX ; which are corrupted by noise. Thus, featuresthat createvariations

smaller than those due to noise are likely to be washed out in the noise. More

generally, the problemis inherently ambiguous,sincethere is no universalde�nition of

a feature,and nothing in the samplesto distinguish surfacevariations due to features

versusthosecausedby noise. Thus, it is necessaryto makesomeassumptionsin order

to denoisethe samplesX : In particular, we will assumethat variations due to noise

occur at a signi�cantly smaller scalethan those from features. This assumption is

not too restrictive; as will be seen,the only penalty when it is violated is that small

featuresaresmoothed away with the noise,while largefeatureswill still be preserved.

We alsoassumethat S is \reasonably" well sampledby X ; though we do not provide

a formal de�nition of \reasonable". In rough terms, we require that the sampling

rate is su�cien t for an accuratereconstructionof S. Theseare similar and related to

the requirements for sampling and reconstructing signals,such as the Nyquist limit,

though not in a formal sense.For a more formal treatment of samplingrequirements

for surfacereconstruction,we refer the readerto [Bernardini and Bajaj 1997;Amenta

et al. 1998].

1.2 Approac h

We cast feature preservingdenoisingof 3D surfacesas a robust estimation problem

on samplepositions. For each sample,we form a robust estimateof the surfacebased

on surrounding samples.Moving a sampleto the local surfaceestimate smooths the

sampleswhile preservingfeatures.

There are many possiblemethods for robust estimation of the type above. We

chooseto extend the bilateral �lter to 3D data. The bilateral �lter is a nonlinear,
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feature preserving image �lter, proposedby Smith and Brady in 1997 [Smith and

Brady 1997]and Tomasi and Manduchi in 1998[Tomasi and Manduchi 1998]. We

discussit and its relation to robust estimation in Chapter 3.

Our discussionthus far hasbeenvery general,in order to avoid arti�cially limiting

the applicability of our methods. However, we will demonstrateour methods (and

thoseof the similar approachesmentioned above) on a variety of forms for X : points,

points with (noisy) normal information, polygonal meshes,and \p olygon soups". As

will be seen,our methods aresu�cien tly generalto easilymove betweenthesevarious

representations.
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Chapter 2

Related Work

There has been a great deal of previous work in the area of isotropic and feature

preserving smoothing, both of imagesand of 3D models. Many model smoothing

methods are extensionsfrom the imagedomain (as is ours). The following discussion

is organizedaround thesebroad classesof imageand surfacesmoothing techniques.

2.1 Smoothing Without Preserving Features

Noisecanberemoved from an imageby straightforward, isotropic �ltering. For exam-

ple, convolution with a Gaussian�lter will remove noisein an imagevery e�ectively.

It can be shown that the result of an isotropic di�usion processis equivalent to con-

volution by a Gaussianof a particular width (discussedfurther in chapter 3.), [Strang

1986],and vice-versa. This connectionto di�usion processes(for heat, intensity, or

any other sort of information) provides for a straightforward extension to 3D from

the imagedomain.

Fast smoothing of polygonal mesheswas initiated by Taubin [1995]. His method

consideredsmoothing as a signal processingproblem, and applied �lter designtech-

niques from the 1D domain to create an iterativ e di�usion processover a polygo-

nal meshthat was e�cien t, simple, and energy-preserving(i.e., non-shrinking). His

method could accommodate generallinear constraints on the smoothed mesh,includ-

ing interpolation and tangent constraints, but was not generally feature preserving.
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Desbrun et al. [1999] extend Taubin's approach with an implicit solver and a

di�usion processover curvature normals. The implicit solver leadsto a more stable

and e�cien t solution of the di�usion process. Use of curvature information (rather

than vertex positions) prevents vertex drift in areasof the meshthat are sampledin

an irregular fashion.

2.2 Anisotropic Di�usion

Smoothing with convolution or, equivalently, isotropic di�usion are not generallyfea-

ture preserving.This is becausefeatures(largevariations) andnoise(small variations)

are treated identically,

Anisotropic di�usion, introduced by Perona and Malik [1990],extends isotropic

di�usion with a nonlinear term limiting di�usion acrossboundariesde�ned by large

gradient in image intensity. The e�ect is to smooth within regions of the image

demarcatedby features,but not acrossthem. There hasbeena signi�cant amount of

work analyzingand extendinganisotropic di�usion. In particular, we will discussthe

relation betweenanisotropic di�usion and robust statistics, as establishedby Black

et al. [1998],in chapter 3.

The extensionsof anisotropicdi�usion to meshesarelessstraightforward and more

plentiful than thoseof isotropic di�usion. In part, this is becausefeature preserving

smoothing is more useful, and so has received a greater amount of attention. Also,

there are a number of ways to de�ne featureson 3D meshesas comparedto images,

leadingto a wider variety of approaches. Also, asmentioned in the previouschapter,

there is an inherent ambiguity in imagesversus3D surfaces:in images,signal is well

separatedfrom position in the image. On manifolds, the signal and spatial position

are deeply intertwined. There are several approachesto resolve this ambiguity, again

multiplying the options for extending anisotropic di�usion to 3D.

Desbrunet al. [2000]generalizethe mesh-basedcurvature 
o w approach [Desbrun

et al. 1999] to generalbivariate data, including meshesrepresented as height �elds,

alsoextending it with an anisotropic term basedon curvature to make it feature pre-
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serving. In a more generalmeshsetting, Clarenz et al. [2000]introduce a nonlinear

di�usion tensor at each point on a smooth surface, then form a �nite element dis-

cretization to solve for the anisotropiccurvature di�usion on a polygonalmesh. Bajaj

and Xu [2003]further generalizethe approach of Clarenzet al. [2000]to 2D manifolds

embeddedin arbitrary dimension,e.g. mesheswith attributes such as color.

Belyaevand Ohtake implement anisotropicdi�usion in the normal �eld of a mesh

in an iterativ e two-step process[2001]. In the �rst step, normals are updated as

nonlinear weighted combinations of normals from adjacent faces.In the secondstep,

vertex positions are updated by projection to the new facetsde�ned by the update

normals(seealso[Yagouet al. 2003]). Taubin [2001]usesa somewhatsimilar approach

for anisotropic meshsmoothing, but rather than alternating between updating the

normal �eld and vertex positions, he �rst computessmoothed normals, then uses

the smoothed normals to computeweights relating vertex positions, usedto createa

linear, iterativ e Laplacian smoothing algorithm.

Anisotropic di�usion directly on meshescontinuesto generateinterest. Meyer et

al. [2002]usetheir newly introduceddiscretedi�erential geometryoperatorsto de�ne

anisotropic weights to control curvature 
o w. Working in the domain of level sets,

Tasdizenet al. [2002]anisotropically smooth the normal �eld on the surface,then

adapt the surfaceto match the normal �eld (similar to Taubin's approach [2001]).

There are alsoseveral extensionsof anisotropicdi�usion to 3D volumedata and level

sets (e.g., [Preusserand Rumpf 2002]), which, though they can be used to smooth

3D models,are only tangentially related to our work.

Anisotropic di�usion is e�ective for feature preservingdenoisingof images,and

reasonablysimple, though somecaremust be taken in its implementation [You et al.

1996]. It alsocan be computationally expensive. Its extensionto 3D surfacescan be

complicated becauseof the lack of a straightforward mapping between imagesand

surfaces.One shortcomingwe addressin this thesisis its lack of generality; di�usion

processesrequire a connecteddomain, which limits its applicability to many surface

representations, such as point clouds.
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2.3 Wiener Filtering

The Wiener �lter from signal processingis designedto simultaneously remove blur-

ring and noisefrom a signal. Reconstructing a signal from a blurred version of the

signal can be achieved by a straightforward deconvolution. However, deconvolution

magni�es high frequencies,and thus overenhancesany noise degrading the blurred

signal. Wiener �ltering recosntructs blurred, noisy signalsoptimally under a least-

squareserror norm, by trading o� the amount of deconvolution versusnoiseremoval.

For this reasonit is often called optimal �ltering . Wiener �ltering is feature preserv-

ing, though a tradeo� between blurring and denoising is present. It is not a fully

automatic method, as the spectrum of the noisehas to be estimatedbefore�ltering.

Extensions to Wiener �ltering include locally-adaptive �ltering in the wavelet

domain, as proposedby Mih�cak et al. [1999] and Moulin and Liu et al. [1999],

further developed by Strela et al. [2000]. In thesemethods, featuresare preserved by

consideringimagebehavior at multiple scales.Thesein turn inspired an extensionto

the meshdomain [Penget al. 2001],via a Laplacian-pyramid decomposition basedon

Loop subdivision [Zorin et al. 1997].A moredirect approach is taken by Alexa [2002],

wheredi�erent smoothing and edge-enhancinge�ects can be controlled through the

choiceof an autocorrelation function on the vertex positions. Pauly and Gross[2001]

apply Wiener �ltering to 3D point models by resamplingpoint positions to a plane

as a height �eld, then treating it as an image.

Wiener �ltering is a good alternative to anisotropicdi�usion for imageand surface

denoising. In particular, it is much more e�cien t. Unfortunately, it sharessomeof

the samelimitations as di�usion, such as requiring a connecteddomain. In the case

of surfaces,someextensionseven require a semi-regularsampling. Again, theselimit

its generalapplicability.
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2.4 The Bilateral Filter

The bilateral �lter is a nonlinear image �lter proposed by Smith and and Brady

[1997]and separatelyby Tomasi and Manduchi [1998]. At each pixel, the denoised

estimate is computed as a weighted combination of the surrounding pixels. The

weight of a pixel in the estimation falls o� as its distance grows (as in the usual

non-featurepreservingsmoothing �lters), as well as the di�erence in intensity from

the initial estimate. Thus, pixels separatedby large discontinuities in the image

are downweighted in each other's estimate. Durand and Dorsey [2002]establish a

connectionbetweenthe bilateral �lter and robust statistics, as well as speedup the

bilateral �lter with linear approximation andother optimizations. Barash[2001;2002]

makesa similar connectionto adaptive smoothing, and betweenadaptive smoothing

and the bilateral �lter. Elad [2002] explores the theoretical basis of the bilateral

�lter, �nding that it canbeconsidereda singleiteration of a well-known minimization

method in a Bayesianapproach.

There are three extensionsof the bilateral �lter to 3D surfacesthus far. Our work

[Joneset al. 2003]extendsthe bilateral �lter to \p olygonsoups"by way of �rst-order

predictors basedon facets. Concurrently, Fleishman et al. [2003]extend bilateral

�ltering to meshes,estimating vertex normals via averaging,and using local frames

to reducevertex position estimation to a 2D problem. Choudhury and Tumblin [2003]

usea similar approach, but with a more complicatedprocessto estimate the vertex

normals. Their method is basedon an extensionfor imagesmoothing of the bilateral

�lter with local-frames(seealsoElad's [2002]suggestionsfor improving the bilateral

�lter). The adaptivesmoothing of Ohtakeet al. [2002]is similar, but insteadsmooths

the normal �eld with an adaptive �lter adjustedto a local varianceestimate,then �ts

the meshto the normals (similar to their previous approaches[Belyaev and Ohtake

2001]).

The bilateral �lter provides many of the bene�ts of anisotropic di�usion, but is

generally more e�cien t. As will be discussedin the next chapter, it does not rely

on a connecteddomain, and also provides for a reasonablysimple extensionto 3D
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meshes.Sincethe bilateral �lter forms the basisfor our methods, we discussit and

its extensionsto 3D surfacesin more detail in chapters 3 and 4, respectively.

2.5 Surface Reconstruction Metho ds

Somemethods for reconstructing surfacesfrom point clouds or other scanneddata

include a component of noise removal, either implicit or explicit. Soucy and Lau-

rendeau[1992]computecon�dence-weighted averagesof points, then triangulate the

smoothed points. The algorithm of Turk and Levoy [1994]aligns and zippers multi-

ple range images,then resamplesvertices to a con�dence weighted averagefrom the

rangeimages.The Vrip algorithm [Curlessand Levoy 1996]converts rangescansinto

distancevolumes,that are weighted by a con�dence metric and merged. They then

extract an isosurfacefrom the mergedvolume. Wheeler et al. [1998]use a similar

approach with re�nements to eliminate somebiasesin the Vrip algorithm, and to

better handle outliers in the data. Although all of thesemethods remove noiseby

averagingtogether multiple estimatesof the surface,they do not preserve features.

Radial basisfunctions can be usedto �t point data [Carr et al. 2001]with error

tolerances,which can be used for noise removal if the magnitude of measurement

error can be estimated.

Moving Least Squares[Levin 2001;Alexa et al. 2001;Alexa et al. 2003]computes

surfacesfrom point clouds as the �xed-p oints of a projection operator. The use of

a smooth weighting function removesnoise,and though the method is not explicitly

feature preserving,it is a local robust estimator (cf. chapter 3).

Finally, polygonalmeshescanbesmoothed if they arewatertight and manifold, by

scanningthem into scalarvolumes,e.g. via a distancetransform, and then applying

a 3D smoothing �lter, and re-extracting the surfacefrom the volume [�Sr�amek and

Kaufman 1999].
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2.6 Discussion

As can be seen,most imageand surfacesmoothing methods that operate directly on

the imageor surfaceare limited to connecteddomains. Some,such as MLS, operate

on independent samples,but are not featurepreserving.An exceptionis the bilateral

�lter, which doesnot rely on adjacencyinformation in the image. This independence

from connectivity will prove advantageousin the following chapters. We discussthe

bilateral �lter in moredepth in the following chapter, and its extensionsto 3D surfaces

in chapter 4.
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Chapter 3

Robust Estimation, Anisotropic

Di�usion and the Bilateral Filter

In order to provide a basefor our approach to feature preservingsmoothing, it is

necessaryto discussrobust estimation, along with its connectionto anisotropic dif-

fusion and the bilateral �lter for images.Most of this discussionis a combination of

the work by Black et al. [1998],Durand and Dorsey [2002],Elad [2002],and Barash

[2001].

3.1 Robust Estimation

Robust estimation is concernedwith forming estimatesfrom data in the presenceof

outliers, i.e. data that violate the assumptionsof our theoretical model. For example,

if we encounter the data in �gure 3-1, a reasonableexplanation is that the process

generatingthe data is linear with somesourceof Gaussiannoise. If we considerthe

data in �gure 3-2, it is still reasonableto assumethat the generatingprocessis linear,

despite the presenceof values that are obviously not due to a linear process(i.e.

outliers), perhapsdue to operator or transcription error.

Standard techniquesfor �tting model parameterswill succeedon cleandata such

as in �gure 3-1, sincenone of the points deviates far from the theoretical model of

the data. However, they fail when outliers are present. If we use a least-squares
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Figure 3-1: Data from a linear processwith noise.

Figure 3-2: Data from a linear processwith noise,and a few outliers in the bottom
right.
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Figure 3-3: Least Squares�t to data from �gure 3-2.

error minimization to �t a line to the data in �gure 3-2, the result is the poor �t

shown in �gure 3-3. In fact, a single outlier can force the least-squaresestimation

to an arbitrary position, depending on its value. If we examine the equation for

least-squares�t, the reasonfor this failure becomesobvious.

The �tting of parameters�y for a model to the data points X can be expressedas

a minimization problem,

�y = argmin
y

NX

i =1

jd(y ; x i )j2; (3.1)

with d(y ; x) the distancebetweenthe actual valueand the prediction for x in a model

with parametersy. As the distancebetweenthe prediction and the measureddatum

increases,the error grows without bound, as in �gure 3-4. Thus, a singleoutlier can

have as much in
uence over the minimization as the rest of the data.

In order to addressthis shortcoming, it is necessaryto usesomeother approach.

One way to make (3.1) robust is to use a robust error norm [Hampel et al. 1986],

18



Figure 3-4: Least-squareserror norm: d2:

� (d), as in

�y = argmin
y

NX

i =1

� (d(y ; x i ); � ); (3.2)

In order for this estimator to be robust, the derivative of the norm, � 0(d), should

be bounded above and below. This prevents a single datum from in
uencing the

estimateto an arbitrary extent . It shouldalsobe zerowhena prediction matchesits

datum, i.e. d(0) = 0, and be monotonic increasingwith jdj, so that worseestimates

have larger (or at least not less) error under the norm. An exampleof a function

meeting thesecriteria is a Gaussianerror norm,

� (d) = 1 � exp(�
d2

� 2
); (3.3)

shown in �gure 3-5. The scaleparameter� controls the width of the central \v alley"

in the norm, and therefore how quickly data are treated as outliers, limiting their

in
uence over the error minimization. If we perform the same�t to the data in �gure

3-2, but using the robust norm from (3.3), the result is �gure 3-6. The �t is much

more reasonable,as a small set of outliers cannot a�ect the estimate arbitrarily .
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Figure 3-5: Robust (Gaussian)error norm: � (d) = 1 � exp(� d2

� 2 ):

The Gaussianerror norm is of coursenot the only possiblechoice for a robust

norm. There are several other functions that meet the criteria above, but we have

found the Gaussiannorm su�cien t for our experiments. Wereferthe interestedreader

to more in-depth discussions[Huber 1981;Hampel et al. 1986;Black et al. 1998].

3.2 Anisotropic Di�usion

Di�usion processesas used in image processingare methods of smoothing data by

local operationson small groupsof pixels. \Di�usion" in imagesrefersby analogyto

di�usion of heat in a material. For the caseof a uniform material heat di�usion is

governedby the heat di�usion equation,

@T
@t

/ �r � (r T): (3.4)

In simple terms, the changein temperature is proportional to the divergenceof the

temperature gradient. The di�usion equationcan be discretizedin spaceand time to
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Figure 3-6: Robust �t to data from �gure 3-2.

give the changein temperature per time step,

I t+1
s = I t

s + �
X

p2 � 4(s)

I t
p � I t

s; (3.5)

wheres and p are pixel positions, � 4(s) is the 4-neighborhood of the pixel at s, � is

a scalarcontrolling the rate of di�usion, and t is a discretetime step. The isotropic

di�usion equationfor imagesis formedby direct analogyto the heatdi�usion equation

(3.5), with intensity replacingheat.

Applying several iterations of the discretedi�usion equationto an input imagere-

sults in a smoothed but blurred versionof that image,asshown in �gures 3-7and 3-8.

Thosereadersfamiliar with imageprocessingwill probably �nd the appearanceof the

result of di�usion familiar, as it approximates a Gaussianblur operation. This is not

coincidence;the solution of the heat di�usion equation can be found by convolution

with a Gaussianfunction [Fourier 1955].

It is obvious that isotropic di�usion is not feature preserving. A large changein

intensity betweenadjacent pixels is treated the sameasa small variation, so features
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Figure 3-7: Input imagefor isotropic and anisotropic di�usion.
.

of the imageand noisewill be smoothed out identically. To addressthis shortcoming,

Peronaand Malik [1990]proposedmodifying the isotropic di�usion equationto make

it feature preserving,

I t+1
s = I t

s + �
X

p2 � 4(s)

g(I t
p � I t

s) (I t
p � I t

s); (3.6)

whereg(x) is an edge-stoppingfunction that inhibits di�usion acrossstrong edgesin

the image. They proposetwo such functions,

g1(x) =
1

1 + x2

� 2

and g2(x) = e� (x2=� 2 ) ; (3.7)

where� is a parametercontrolling how largea changein pixel intensity is considered
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Figure 3-8: Isotropic di�usion applied to �gure 3-7.

an edge,and as such should limit di�usion.

Applying anisotropicdi�usion with the edge-stoppingfunction g2(x) to our previ-

ousexampleyields a much better result, in terms of featurepreservation, asshown in

�gure 3-9. Areas with small variations have beensmoothed out, removing the noise

and minor textural variations. Sharp edgeshave beenpreserved, for examplearound

the pupils and edgeof the face.

3.3 Anisotropic Di�usion and Robust Estimation

Black et al. examineanisotropic di�usion in terms of robust estimation. Their key

insight is that anisotropic di�usion can be seenasthe solution to a robust estimation

problem at each pixel, and that in particular, \b oundariesbetween ... regionsare
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Figure 3-9: Anisotropic di�usion applied to �gure 3-7.

consideredto be outliers" [Black et al. 1998]. Much of this section follows their

discussion.

Considerestimating a piecewiseconstant image from noisy pixel data. This can

be expressedas an optimization problem as

min
I

X

s

X

p2 � 4 (s)

� (I p � I s; � ); (3.8)

where� (�) is a robust error norm with scaleparameter� . An I minimizing (3.8) will

have adjacent pixels with similar intensity values. The e�ect of edges,where(I p � I s)

is large, on the minimization will be limited by the use of a suitable robust error

norm. The use of a robust norm causesall edgeswith a larger change than some

threshold controlled by � to be treated equivalently in the minimization.

24



Figure 3-10: The bilateral �lter applied to �gure 3-7.

Using gradient descent to solve (3.8) gives

I t+1
s = I t

s + �
X

p2 � 4(s)

 (I t
p � I t

s; � ); (3.9)

where (�) = � 0(�). If the initial estimate for the gradient descent is our noisy image,

then we canseea strong similarity betweendiscreteanisotropicdi�usion and gradient

descent, madeexplicit if we de�ne the edge-stoppingfunction in (3.5) in terms of the

robust error norm in (3.9), i.e. g(x) � � 0(x)=x. This fundamental connectionbetween

the two methods allows much of the previouswork in anisotropicdi�usion and robust

estimation to be consideredas two expressionsof the samemethodology.
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3.4 The Bilateral Filter

The bilateral �lter is a nonlinear, feature preservingimage�lter, proposedby Smith

andBrady [1997],andseparatelyby TomasiandManduchi [1998].Although proposed

asan alternative to anisotropicdi�usion, the closeconnectionbetweenthe two wasnot

well understood until recently. The connectionbetweenrobust estimation, anisotropic

di�usion, and the bilateral �lter was investigated by Durand and Dorsey [2002],as

well as Barash [2001]via an extensionof intensity to include spatial position, and

Elad [2002]as the output of an iterativ e minimization. The following is primarily

from Durand and Dorsey.

If weconsiderthe term I t
p� I t

s in (3.6), it canbeviewedin two di�erent ways: asthe

derivative of I t in one direction at s, or simply as a measureof intensity di�erence

between two pixels. The former is used by Black et al. [1998], in a variational

minimization under a robust norm. However, if we considerI p as a predictor for the

value of I s in a robust estimation problem, then the interpretation as a measureof

di�erence is more intuitiv e.

If we consider(3.6) assolvinga robust estimation problem with local information,

it is a small step to considerextendingthe neighborhood of the estimation and using

a spatial weighting function f (�),

I t+1
s = I t

s + �
X

p2 


f (p � s) g(I t
p � I t

s) (I t
p � I t

s); (3.10)

where 
 is the domain of the image,and f (�) is a spatial weighting function (which

in (3.6) would be unity for a pixel's 4-neighborhood and zeroelsewhere).

If we solve for the �xed point I 0 of (3.10) by setting the gradient step to zero,we

get the bilateral �lter 1,

I 0
s =

1
k(s)

X

p2 


f (p � s) g(I p � I s) I p; (3.11)

1This derivation is from Durand and Dorsey [2002],section 4.1.
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f (�) is the spatial fallo� function, and g(�) the fallo� function in the intensity domain.

Usually, Gaussiansareusedfor f (�) and g(�). The normalization term k(s) is the sum

of the product of the spatial and intensity weighting functions,

k(s) =
X

p2 


f (p � s) g(I p � I s): (3.12)

Examining the bilateral �lter, weseethat it appearssimilar to �ltering by convolu-

tion, in that output pixels are weighted averageof the input. However, in addition to

weighting pixelsaccordingto distance,asin convolution, it includesa term that takes

into account the di�erence in intensities. By the derivation above, functions that per-

form well asedge-stoppingfunctions shouldalsodo soasintensity weight functions in

the bilateral �lter. The connectionbetweenbilateral �ltering, anisotropic di�usion,

and robust estimation allows oneto useconceptsand ideasfrom any onearea in the

other two. The e�ect of the bilateral �lter on an imageis demonstratedin �gure 3-10.

It has been noted empirically that bilateral �ltering generally becomescloseto

a �xed point in a single iteration [Tomasi and Manduchi 1998;Durand and Dorsey

2002; Choudhury and Tumblin 2003]. Thus, it belongsto the classof one-stepW-

estimatorsor w-estimators[Hampel et al. 1986].This leadsus to believe that a single

application of the bilateral �lter shouldbe su�cien t for smoothing, whether an image

or a 3D surface.This belief will be borne out by experiments.

In order to make our extensionto 3D conceptuallysimpler, we will modify (3.11),

slightly, by introducing the conceptof a predictor. In the image domain, given the

information at pixels s and p, the prediction for s due to p will be written as � p(s).

Incorporating this into the bilateral �lter gives

I 0
s =

1
k(s)

X

p2 


f (p � s) g(� p(s) � I s) � p(s): (3.13)

In its original incarnation, the bilateral �lter usesa zeroth-orderpredictor, � p(s) = I p.

In the next chapter, we will show how using more powerful predictors allows us to

extend bilateral �ltering to 3D data.
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Chapter 4

Bilateral Filter for 3D Surfaces

We return to our problem statement from section1.1.

Goal: Given samplesX , corrupted by noise, of a surfaceS, estimate denoised

samples �X while preservingthe featuresof S captured by X .

Our samplescould be point samplesscattered on the surface, or points with

normals,or small triangles or patches. We assumethat all information in the samples

is noisy, including position, normal, and connectivity (if present). Our goal is to

remove the noisefrom the position and normal information; we do not attempt to �x

topological errors.

4.1 Extension to 3D Surfaces

The successof the bilateral �lter for image denoisingencouragesus to use similar

methods for surfaces.This follows the pattern of much of the previouswork in which

imagetechniqueshave beensuccessfullyextendedto polygonal meshesand other 3D

data (as discussedin chapter 2).

Such extensionsare nontrivial becauseof a fundamental di�erence between 2D

imagesand 3D surfaces:Imageshave an inherent parameterizationthat is well sepa-

rated from the image'ssignal. In the usual case,pixels are arrangedon a rectangular

grid, giving a simple and global parameterization. This separation of position vs.

signal (or domain vs. range) in imagessimpli�es operations such as smoothing and
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feature detection. Surfacesin 3D lack this conceptualseparation. The spatial posi-

tion of a point on a surfaceand the surface's\signal" at that point are the same.

We must �nd someway to separateposition and signal to apply methods from image

processing.

This separationcan be achieved with the conceptualadjustment to the bilateral

�lter presented at the end of the previous chapter. Rather than �ltering basedon

samplepositionsalone,we will extendthe �lter to use�rst-order predictorsby taking

advantageof normal information. This is similar to oneof the most commonmethods

of extendingimageprocessingalgorithms to surfaces,that of usingnormal information

at each point on the surface to form a local frame for computations centered on

that vertex. The surrounding surfaceis then treated as an image or height �eld in

the local frame with the central vertex at the origin. Our method generalizesthe

standard approach, encompassinga wider classof extensions,including the height

�eld approximation.

With normal information available , we are able to de�ne the bilateral �lter for

3D,

�s =
1

k(s)

X

p2 X

f (jp � sj) g(j� p (s) � sj) � p (s); (4.1)

where s is a point for which we want to estimate the denoisedvalue �s, p is a point

which can be used to form a prediction � p (s) for the denoisedposition of s. The

spatial weight function f (�) controls how wide a neighborhood of samplesare usedin

the estimate�s, while the in
uence weight function g(�) controls which predictionsare

treated asoutliers. If a samplep is far away from s, then its weight will bediminished

by the fallo� in f (�). Similarly, if the prediction � p (s) is far from s, it will be receive

lessweight becauseof the fallo� in g(�). Thus, the estimation for �s dependsfor the

most part on samplesnear s that also predict locations near s. As will be discussed

below, this leadsto feature preservingbehavior when the �lter is applied to 3D data,

aspredictionsfrom points on oppositesidesof features(i.e., acrossedgesand corners)

are widely separated.

We note that several such extensionshave beensimultaneouslyproposedwith this
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work. This thesis is an extendedtreatment of our work on �ltering triangle models

[Joneset al. 2003],in which the bilateral �lter is extendedto polygonalmesheswithout

connectivity. Fleishmanet al. [2003]extend the bilateral �lter to (mostly) connected

meshes,using an iterativ e approach. Choudhury and Tumblin [2003] extend the

bilateral �lter for imagesto use a type of �rst-order predictor, then generalizethis

extensionto meshes.We will discusseach of theseimplementations below.

In order to use�rst order information, such asnormals,such information must be

present in the input or inferred from it. We will addressthe two most commonrep-

resentations: polygonsand point clouds. In the caseof polygons,if the connectivity

information is not very noisy, i.e. it matchesthe topology of the surfaceclosely, then

vertex normals can be estimated by weighted averaging of adjacent facet normals;

this is the usual approach [Fleishmanet al. 2003;Choudhury and Tumblin 2003]. If

there is insu�cien t connectivity, then the facet normals can be useddirectly, as in

our work applied to triangle models [Joneset al. 2003]. If the samplesare simply a

point cloudwithout further information, then wemust usesomemethod of estimating

the normals at the points, such as those used in moving least-squares[Alexa et al.

2001]. Whether normals are already present, inferred from connectivity information,

or calculated from point locations, they will probably be noisy or corrupted. For

this reason,we alsodevelop methods of improving estimatedor preexisting normals,

through a novel reuseof the machinery of the �lter (section 4.4). For now, we will

assumethat normalsare available, either with each point, or in the caseof polygonal

samples,for each polygon.

4.2 Predictors

In order to make our extensionconcrete,we much choosea predictor � p (s). If we

assumethat we have points with normals, then there are two natural choicesfor the

predictor, projecting s to the plane of p, or building a local frame with s and its

normal and predicting s to have the sameheight in that local frame as p. The two
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p

P (  ) sp

(a) Our predictor from Joneset al. [2003].

s p

P (  ) sp

(b) Predictor from Fleishman et al. [2003]

Figure 4-1: 3D predictors for point s due to point p.
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s

p P (  ) sp

Figure 4-2: When s and p are on the samesideof the corner, � p (s) is near s.

predictors can be written

� p (s) = s + ((p � s) � np )np and � p (s) = s + ((p � s) � ns)ns; (4.2)

respectively. They are illustrated in 4-1. The main di�erence between the two pre-

dictors is which normalsare usedto form predictions. In the �rst, each prediction for

a point usesa di�erent normal, while the secondusesa singlenormal, the oneat the

point for which predictions are being made.

More complicatedpredictors could be conceived, but we will deal primarily with

thesetwo. The �rst is from our previouswork [Joneset al. 2003],while the secondis

usedby Fleishmanet al. [2003]and Choudhury and Tumblin [2003].

4.3 Feature Preserv ation

The fact that bilateral �ltering is feature preservingin the image domain doesnot,

per se, make it feature preservingwhen extendedto 3D. We explore the 3D �lter's

behavior near cornersusing the predictors above, with an eye to understanding its

treatment of features.

We examine a single corner, separating two mostly 
at regions. For now, we

assumethe surfaceis noisefree. If we considertwo sampleson the surface,s and p,
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s
p

P (  ) sp

Figure 4-3: When s and p are on oppositesidesof the cornerand Joneset al.'s [2003]
predictor is used,the distancebetween � p (s) and s dependsmostly on s's distance
from the corner.

both on the sameside of the feature, then the prediction � p (s) is likely to be very

closeto s, as shown in �gure 4-2 (regardlessof which predictor we use). The term

for the in
uence weight in the �lter for this prediction, g(� p (s) � s), will thereforebe

near its maximum. The weight of this prediction will thereforedepend for the most

part on the spatial weight function, f (jp � sj).

If we insteadconsiderthe casewherethe two points are acrossa corner from one

another, we seequite di�erent behavior. In this case,the prediction � p (s) is farther

from s. In the caseof the �rst predictor above, the distance between s and � p (s)

grows proportionally to s's distancefrom the corner, as shown in 4-3. If we usethe

secondpredictor, it grows as p's distancefrom the corner, as shown in 4-4. In both

cases,the largeseparationbetweens and the prediction from p resultsin the in
uence

weight term, g(j� p (s) � sj); dominating the �lter by downweighting the prediction.

Note that it is always the casethat jp � sj � j� p (s) � sj. Thus, the main

di�erence betweenthe two casesdiscussedabove are how much the in
uence weight

term a�ects the estimate. When s and p are in the same mostly planar region,

the bilateral �lter behavessimilarly to a standard convolution �lter, removing noise.

When s and p are separatedby a feature, however, the �lter cuts o� more quickly,

dueto the in
uence weight function. This prevents estimatesfrom di�erent regionsof
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s
p

P (  ) sp

Figure 4-4: When s and p are on opposite sidesof the corner and Fleishmanet al.'s
[2003] predictor is used, the distance between � p (s) and s depends mostly on p's
distancefrom the corner.

the surfacefrom \contaminating" the estimate for s. This is what givesthe bilateral

�lter its feature preservingbehavior. Another di�erence betweenthe two predictors

is that the predictor or Fleishman et al. does not introduce tangential drift, as all

predictions are normal to s. However, it does tend to move vertices in the normal

direction to round o� corners. If either �lter is applied too many times, the estimated

shape or the samplepositions on it will be degraded. In general,few iterations are

required and drift is not a concern.

As a �nal demonstration of this nonlinear, feature respecting weighting, we show

how the spatial f (�); in
uence weight g(�); and their combination f (�)g(�) behave as

p movesalong a curve with a feature, as shown in �gure 4-5, while s remains �xed

(at t = 0:4 in this example).

The plots for f (�), g(�), and their product are shown in �gure 4-6. The sharp

corneroccursat t = 0:5. As can be seen,while p is on the samesideof the corner as

s, i.e. on the �rst half of the curve (tp < 0:5), the prediction � p (s) stays closeto s.

Thus, in the plots we seethat g(�) � 1; and the behavior of f (�)g(�) is governed by

f (�).

When p is on the secondhalf of the curve (tp > 0:5), and thereforeon the opposite

sideof the cornerfrom s, the prediction � p (s) tendsto be much farther from s. Thus,
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t = 0

t = 0.5

t = 0.4

t = 1

Figure 4-5: A curve with a feature at t = 0:5. The plots in �gure 4-6 are for s at
t = 0:4.

very quickly g(�) drops to near zero,and the product f (�)g(�) is dominated by g(�).

4.4 Normal Estimation and Impro vement

The predictors we have discussedrequire normals (actually, tangent planes) to form

predictions. Normals might be provided, or needto be estimated from the data. In

either case,they are likely to be noisy, and needsomesort of smoothing, or molli�-

cation [Huber 1981;Murio 1993],beforeusein predictors. The needfor molli�cation

of noisy normals will be demonstratedand discussedfurther in the next chapter.

4.4.1 Smoothing Triangle Mo dels

In the context of smoothing triangle modelswithout connectivity, weproposedusinga

predictor basedon facets,but applied to vertex positions[Joneset al. 2003],by taking

p asthe centroid of the facet. In the limit, this is the sameasthe approach discussed

above for points. As the facet normalsare �rst-order entities of the vertices,noisein

the verticesis magni�ed in the normalsand predictions. In order to addressthis, we

applied a molli�cation pass,usinga standard blurring �lter on the vertex positionsto
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Figure 4-6: Plots for the valuesof the spatial weight function f (�); in
uence weight
function g(�); and their product f (�)g(�) asp movesalong the curve in �gure 4-5 The
corner

createa smoothed model (without feature preserving). The original vertex positions

were not modi�ed in this pass;instead, the normalsof the facetsfrom the smoothed

model were copied to the corresponding facets of the original, and thesesmoothed

normals were usedfor prediction. This method was found to be su�cien t for almost

all models.

Fleishman et al. take a di�erent approach [2003] in a similar context. They

assumea connectedtriangle mesh, and use area-weighted normals at each vertex.

Rather than smooth the normals, however, they perform multiple iterations of the

�lter to smooth a model. The averagingsmooths the normalssomewhat,andalthough

the initial predictions are likely to be poor due to noise,as each passremovessome

of the noise,the normals and estimations improve.

Choudhury and Tumblin [2003]apply multiple passesto a connectedmeshto esti-

mate the normals. They usea modi�ed bilateral �lter on the normal data. In a �nal

pass,they estimate vertex positions from the now-denoisednormals. Their method

is very e�ective, signi�cantly outperforming our method [2003]on somemodelswith
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(a) Noisy surface. (b) Smoothed surface.

(c) Noisy normals from (a) (d) Smoothed normals from (b)

Figure 4-7: Smoothing a surfacealsosmooths the normals of the surface.

a high level of noise.

4.4.2 Impro ving Normals

We proposea new method for improving normals, whether estimated or provided,

beforeapplying the 3D bilateral �lter to samplesof a surface. This new method is

basedon the 3D bilateral �lter, and its denoisingproperties.

Consider a noisy surface,such as the one shown in �gure 4-7(a). If we apply a

feature preservingsmoothing �lter to this surface, the noisewill be attenuated, as

in �gure 4-7(b). Our normal improvement method is basedon how this smoothing

operation a�ects the normals of the surface. As shown in �gures 4-7(c) and 4-7(d),

smoothing a surfacealso smooths the normals in the senseof making them point in
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the samedirection in 
at areasof the surface. We would like to usethesesmoothed

normals in the predictor function. We do not necessarilyhave an actual surfaceto

smooth and then extract normals from. However, we can smooth the normals as if

they were part of a continuous surfaceto which we were applying the 3D bilateral

�lter, via the adjoint of the 3D bilateral �lter.

4.4.3 Normal Transformation by the 3D Bilateral Filter

We reconsiderthe 3D bilateral �lter 4.1 asa spatially varying deformation F : R3 !

R3. In this interpretation, the denoisedestimate for a samples is

�s = F (s); (4.3)

with the summation and other terms incorporated into F .

As discussedby Barr [1984],\a locally speci�ed deformation modi�es the tangent

space[of an object subject to the deformation]." We can determine how the 3D

bilateral �lter a�ects a normal ns located in spaceat s via the JacobianJ of F at s,

computedas

Ji (s) =
@F (s)

@si
; (4.4)

whereJi is the i th column of J , and si is the i th spatial component of s.

The normal transformation rule is given by Barr [1984,eq. 1.3] as

�ns = jJ (s)jJ (s) � T ns; (4.5)

where jJ j is the determinant of J , and J (s) � T is the inversetransposeof J . Since

only the direction of the normal is important, jJ j can be dropped from the equation

and the adjoint of J usedinstead of the inverse,if �ns is renormalizedafterwards.

Our normal improvement algorithm is simply to compute J (s) � T at each sample

s and apply (4.5) to the corresponding estimated normals, either until the normals

convergeor for some�xed number of iterations. After the normalshavebeendenoised,

a singleapplication of (4.1) is usedto estimatevertex positionsusing. It is important
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to note that J (s) is recomputedwith the normalsfrom the previousiteration for each

stepof normal improvement, and that vertex positionsarenot modi�ed by the normal

improvement steps,and alsothat this normal improvement obviates the molli�cation

pass. We are unable to prove the convergenceof this algorithm at this time, but

explore its behavior in the following chapter.

There are limitations to this method. For smoothing functions that canbewritten

as weighted normal 
o w, i.e.

�s = s + f (s)ns; (4.6)

such as Fleishman et al.'s predictor, the Jacobianhas nT
s as a left eigenvector, and This is

incor-

rect, and

should

be disre-

garded.

therefore the transposeof the adjoint has ns as an eigenvector. This is under the

assumptionthat the normal ns is constant in a region around s, i.e. the Jacobianof

the normal r ns is 0. If higherorder information about the surfaceat s wereavailable,

such as the curvature tensor, then this shortcomingmight be addressed.

In somesurfacerepresentations, such asSurfels[P�ster et al. 2000],samplesstorea

radius for the sampleaswell asnormal information. Theseradii a�ect the 3D bilateral

�lter through the area term, and as such might needto be molli�ed similarly to the

normals. The transformation rule for radii and areas(or principal axes,in the case

of elliptical samples)can alsobe computedvia the Jacobianof the �lter.

Wehave found that applying this schemefor normal improvement doesnot require

any pre-molli�cation of the normals,and aswill be discussedin the following chapter,

can be usedto mollify normals directly.

4.4.4 Using Normals for Weighting

It is alsopossibleto include normalsin the weighting calculation, in order to limit dif-

fusion in caseswheretwo surfacespassneareach other, but with oppositeorientation,

as in �gure 4-8(a). If the sampleslack connectivity information, there is no simple

way to distinguish that the two surfacesaredi�erent exceptfrom normal information.

If the surfacesare not treated asseparate,then samplesfrom onesurfacewill unduly

in
uence the denoisedestimatesof samplesfrom the other. This will manifest as the
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(a) (b)

Figure 4-8: Surfacesthat passneareach other (a) will be pulled towards oneanother,
even if they have di�ering surfacenormals (b).

two surfacespulling towards oneanother, as in �gure 4-8(b).

In order to addressthis, we proposethe following modi�ed bilateral function,

�s =
1

k(s)

X

p2 X

f (jp � sj) g(j� p (s) � sj) h(np � ns) � p (s); (4.7)

whereh(x) is a suitable, smooth function, for example,

h(x) =

8
<

:

0 for x < = 0

� 2x3 + 3x2 for x > 0
(4.8)

which prevents any sampleswith normalsdi�erent by more than 90� from in
uencing

one another. This extensionsrequires oriented normals, while until this point all

�ltering operations rely only on tangent planeswithout orientation. However, most

models include oriented normals, so this is not a limitation in general.
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Chapter 5

Results

We demonstrate the �lters proposed in the previous chapter on triangulated and

surfel models. We also show results for normal improvement on surfel models, and

comparemethods for triangle models using di�erent normal improvement methods

for molli�cation. Smoothing is usedto denoisemodelscorrupted with scannernoise,

synthetic noise,or to remove small variations in surfaces.(The resultson triangulated

modelsare from [Joneset al. 2003],in most cases.)

5.1 Triangle Mo dels

We �rst show our results for triangle models. We use the predictor and normal

molli�cation method described in our recent work [Joneset al. 2003], rather than

normal improvement via the �lter. Resultson a 3D scanwith scannerand topological

noiseare shown in �gure 5-1.

The necessity for molli�cation of the noisy normal �eld can be seenin �gure 5-2,

as well as the e�ect of using only a spatial fallo� function. In the �rst case,noise

is reduced,but not su�cien tly well. With no in
uence function, details in the eye

and around the lips are blurred away. The parameterscontrolling smoothing were

� f = 1:5 and � g = 0:5, expressedin meanedgelengths.
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Figure 5-1: Original noisy face scan, and smoothed with the method described in
[Joneset al. 2003].

42



Figure 5-2: The scanfrom 5-1 smoothed with no molli�cation, and with molli�cation
but no in
uence function.
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To explore how smoothing is a�ected by the two parametersof the �lter, the

width of the spatial and in
uence weight functions, we apply the �lter to a well

known model with varying widths. The results are shown in �gures 5-3 and 5-4. In

the �rst example,narrow spatial and in
uence functions are used,as might be the

casewhen removing noisefrom a model. Only the smallestvariations are smoothed

by the �lter. In the secondcase,a narrow spatial weight, but wide in
uence weight

functions are used. This results in small featuresof the model being smoothed out,

but medium sizedand larger variations are preserved. Finally, the most aggressive

smoothing occurswhen both parametersare large. This results in a large areabeing

usedto smooth samples,as well as a larger number of estimatesbeing classi�ed as

\inliers". Even so, the strongest featuresare still preserved, such as the tips of the

earsand the basearound the feet.
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Figure 5-3: Original model, and model smoothed with narrow spatial and in
uence
weight functions (� f = 2; � g = 0:2).
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Figure 5-4: (left) Model from �gure 5-3 smoothed with a narrow spatial weight func-
tion, but wide in
uence weight function (� f = 2; � g = 4). (right) Smoothed with
wide spatial weight and in
uence weight functions (� f = 4; � g = 4).
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Figure 5-5: Original model (courtesy of Jianbo Peng).

5.1.1 Comparison to Other Metho ds

We can compare our results for smoothing triangular models to other smoothing

methods. In �gures 5-5 through 5-7 we compare our triangle-basedsmoother to

Wiener �ltering asdescribed by Penget al. [2001]. Wiener �ltering is controlled by a

singleparameter,an estimateof the varianceof the noiseto be removed. In �gure 5-6,

we compareour method to Wiener �ltering under a low-noiseassumption. In �gure

5-7 we compareto Wiener �ltering under a high-noiseassumption. Our method is

better at preservingfeaturesin the latter case.Onebene�t to Wiener �ltering is that

its processingtime doesnot vary with the amount of noiseto be removed. However,

it doesrequire a connectedmeshwith a semi-regularsampling.

In this comparison,we choseparametersfor our �lter to match the smoothness

in substantially 
at regions,and then tuned the �lter to preserve featuresas best as

possible.
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Figure 5-6: Figure 5-5 �ltered with the Wiener �lter of Peng et al. [2001] with a
low-noisesetting, and with our method (� f = 2:7; � g = 0:4).

Figure 5-7: Figure 5-5 �ltered with the Wiener �lter of Peng et al. [2001] with a
high-noisesetting, and with our method (� f = 4:0; � g = 1:3).

48



Figure 5-8: Original model (courtesy of Martin Rumpf).

We also compareto anisotropic di�usion, in particular the method of Clarenz et

al. [Clarenzet al. 2000]. Figure 5-8 shows the original model, corrupted by synthetic

noise. In �gure 5-9 the result of anisotropic di�usion and our method are compared.

Anisotropic di�usion is able to enhancefeaturesthrough shock formation, while our

method is not, ascan be seenby comparingthe results near details such as the hair.

However, anisotropicdi�usion relieson a connectedmesh,while our method doesnot.

As in the previouscomparison,we set the parametersfor our �lter to �rst match the

smoothnessof 
at regions,then to preserve featuresasbest aspossible.
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Figure 5-9: Figure 5-8 �ltered with anisotropic di�usion [Clarenzet al. 2000],and by
our method (� f = 2:5; � g = 1).
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Figure 5-10: Original model (courtesy of Stanford 3D scanningrepository).

We also demonstrate the stabilit y of our algorithm, even when used to smooth

all but the strongestof featureson a model. Figures 5-10and 5-11show the dragon

model smoothed with extremely wide spatial and in
uence weight functions. Even

in this case,the �lter is stable, preservingthe basicshape while smoothing out most

other details.
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Figure 5-11: Smoothed versionof �gure 5-10(� f = 4; � g = 2).
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5.2 Normal Impro vement

We can demonstrate the e�ectivenessof normal improvement using the adjoint of

the �lter (seesection4.4.2) on a surfel model [P�ster et al. 2000]generatedfrom the

3D scanin �gure 5-1. The appearanceof surfel modelsdependsprimarily on normal

orientation, rather than point position, sincelighting is generallymore dependent on

surfaceorientation than position. The results of normal improvement are shown in

�gures 5-12 and 5-13. The smoothing parametersusedwere � f = 4:0 and � g = 0:5.

The artifacts around the edgesof the model are due to large surfelsseenedgeon.
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Figure 5-12: A surfel versionof the scanfrom �gure 5-1, and one iteration of normal
improvement.
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Figure 5-13: Two and three iterations of normal improvement.
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5.3 Normal Impro vement for Molli�cation

Returning to triangle models, we can use the normal improvement for molli�cation

to improve the results from our triangle basedsmoother [Joneset al. 2003]. In this

modi�cation, we apply somenumber of normal improvement steps to the normals,

then a single pass of vertex modi�cation. For the samemodel as �gure 5-1, the

result of this improved approach is shown in 5-14. Comparedto 5-1, it can be seen

that normal improvement results in better preservation of sharp features, such as

the eyelids. Three iterations of normal improvement were applied, with the same

parametersasusedto generate�gure 5-1.

56



Figure 5-14: The result of using iterativ e normal improvement for molli�cation in
conjunction with the triangle basedsmoother. Compareto �gure 5-1 (right).
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Figure 5-15: A rectangular solid, seenedgeon, beforeand after �ltering. The faces
near each other are pulled towards each other and curve towards each other.

5.4 Using Normals for Weighting

Without usingnormal information to weight predictions,surfacesneareach other will

tend to pull together, even if on opposite sidesof a surface. This can be seenwhen

we �lter a rectangularshape, such asin �gure 5-15. The sideshave beenpulled closer

together and curve towards each other.

If we usenormal information to weight predictions, as discussedin section4.4.4,

the shape is unchanged. Normal information also results in better denoising. We

apply the triangle-based�lter with feature preservingmolli�cation to a noisy version

of the fandisk model. The noisy mesh, and the result of smoothing it with our

triangle-basedmethod (with the original molli�cation method) is shown in 5-16. The

results of smoothing with and without normal information are shown in �gure 5-17.

The most noticeable changesare on the small, frontmost face at its most narrow

points, and near the edgesand cornersof the mesh. The changeis small, but subtle,

possiblybecausethe result of smoothing without normal weighting is so closeto the

original model that there is not much room for improvement. It is alsopossiblethat

the sampling for this model is too coarsefor good estimatesof the normal �eld to be

formed from the original, noisy samples.
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Figure 5-16: A noisy versionof the fandisk model, and the result of smoothing with
our triangle basedsmoother.
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Figure 5-17: Smoothing the meshfrom �gure 5-16without taking into account normal
information in weighting predictions,and with normal information usedin weighting.
Note the di�erences in the frontmost face,particularly at its most narrow point.
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Chapter 6

Conclusions

We have demonstratedfeaturepreserving�lters for 3D shapesbasedon robust statis-

tics and estimation. In particular, we have extended the bilateral �lter from the

domain of imagesto 3D shapes. Our methods are applicable to a wide variety of

shape representations, including triangle meshes,triangle soups,and point clouds.

In order to extendthe bilateral �lter from imagesto 3D shapes,we �rst considerit

asa weighted combination of predictors, rather than simply values,as in most image

�lters. We then use�rst order predictors to separateposition and signalon the shape.

This allows us to generalizethe bilateral �lter to 3D shapesin a straightforward way.

We have also introduced methods for smoothing the normal �elds of surfacesin

any of the above representations, by treating our �lter as a free-form deformation

and consideringhow it a�ects di�erential entities such asnormals. We have usedthis

feature preservingnormal smoothing for molli�cation of normal �elds, improving the

performanceof our �lter when applied to samplepositions.

Our methods are e�ective for noiseremoval and meshsmoothing, preservingthe

strongest featureswhile removing noiseand small surfacevariations. We have also

demonstratedtreating the �lter asa free-formdeformation, leadingto a very e�ective

method for improving normals. This normal improvement can also be used as a

molli�cation method, to further improve estimation of vertex positions.

In the future, we would like to exploreextensionsto volume data. We would also

like to explore how the 3D bilateral �lter could be usedon shapeswith color infor-
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mation, such as textures, to smooth both the shape and the texture while respecting

and preserving the features in both. More generally, we would like to explore the

possibility of building a scale space [Weickert 1996]for meshes.
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