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1 Introduction.   
Multiplex PCR is an essential cost-saving technique for large scale genotyping with significant 
scientific, clinical, and commercial applications including gene expression [1], whole-genome 
sequencing [2,3], forensic analysis, including human identification and paternity testing [4] and to 
facilitate the diagnosis of infectious diseases [5]. In recent years, multiplex PCR has emerged as a core 
enabling technology for high-throughput SNP genotyping [6].  Designing multiplex assays is 
equivalent to finding a set of disjoint cliques in a novel graph structure called a multi-node graph.   
We demonstrate that the degree of coverage is subject to a computational phase transition such that 
designing high-coverage high-multiplexing assays becomes dramatically more difficult as pairwise 
SNP compatibility falls below a certain threshold.   

 
2 Multi-Node Graphs.  
Multiplex PCR assay design is a multiobjective optimization problem. Primers selected for each locus 
or SNP are designed to minimize potential interactions, while impacting the number of primer 
candidates.  The number of SNPs per assay should be maximized and it is advantageous to ensure that 
all tubes are uniformly multiplexed to facilitate automation in high-throughput environments.   
Additionally, the number of SNPs assigned or “covered” to a full tube should be maximized.   
Achieving high (>95%) coverage becomes increasingly important when the focus is on a relatively 
small (102-103) set of SNPs each of which is suspected of having some biological impact.   
 
 
 
 
 
 
 
 
Figure 1.  A multi-node graph is a graph in which individual nodes can take on one or more states.  An edge 
between two nodes, X and Y, is determined by the state of the two nodes, or more specifically, an edge matrix EXY 

connecting nodes X and Y.  There is no restriction on the number of states per node, and each node may contain a 
different number of states.   4 
 
Designing one or more multiplex assays for SNPS with preselected primers is equivalent to finding a 
clique in a graph G where nodes are SNPS and edges denote pairwise multiplex compatibility. 
Theoretical bounds for covering a graph with disjoint cliques can be found in [7]. The multiplex PCR 
problem is more general in that we impact the graph topology by choice of primers.   We use the term 
“multi-node graph” (Figure 1) to denote a graph whose nodes have multiple states.   In a multi-node 
graph, an edge matrix Euv is attached to each pair of nodes, (u,v).   If node u (in state i) is multiplex 
compatible with node v (in state j) then Euv[i][j]= 1.  Otherwise, Euv[i][j]=0.   As illustrated above, 
nodes W, X, and Y are pair-wise compatible when in certain states and incompatible in other states.   
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The nodes W,X,Y form a 3-clique (3-plex) when in states 7, 2, and 4 respectively. The multiplex PCR 
design problem is equivalent to covering as many nodes as possible with disjoint cliques of size M in 
a multi-node graph.   
 
3 Phase Transitions and Multiplex Scalability.  
In recent years, it has been shown that for broad classes of problems, there exist certain phase-
transition boundaries across which the nature of the solutions and the computational effort needed to 
identify a solution changes dramatically [8].  When attempting to design multiplex PCR assays with 
high coverage, we observe a similar computational behavior.   We induce a random multi-node graph 
by setting Euv[i][j]=1 with probability P, for all node pairs u and v, in states i and  j respectively.  
Using a best-fit greedy algorithm, we find that our ability to achieve high (>95%) coverage for 
randomly generated multi-node graphs critically depends on the compatibility probability, P, and the 
target level of multiplexing, M, as shown in Figure 2.     
 
 
 
 
 
 
 
 
 
 
 

Figure 2.   Phase transitions in M-coverage as a function of the SNP -SNP compatibility probability 
(primer interaction test stringency) for varying multiplexing targets 10 to 100. 
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