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1 Introduction.

Mutagenetic trees (also known as oncogenetic trees) are a class of graphical models for evo-
lutionary processes that are characterized by the accumulation of genetic changes [3]. They
have been used to model the progression of several types of cancer as ordered accumulations
of chromosomal alterations. Likewise, the evolution of human immunodeficiency virus un-
der antiviral drug therapy has been described as the accumulation of resistance-conferring
mutations [1].

Here we investigate the algebraic geometry of the statistical model induced by a mutage-
netic tree [2]. We show that the algebraic invariants of the model have a nice combinatorical
structure and can be generated efficiently.

2 Mutagenetic trees.

A mutagenetic tree T for n genetic events is a connected branching on {0,...,n} rooted at
0 (Fig. 1(a)). Each vertex v # 0 represents the binary random variable X, that indicates
the occurrence of event v. We associate probability parameters 6, with the edges of T" to
obtain the directed acyclic graphical model 7 with conditional probability matrices

1 0
(P(Xo =a| Xpaq) = b))a,bzo,l = < 1—-6, 6, ) ’

where pa(v) denotes the parents of v in 7. The first row of this matrix imposes the constraint
that an event can occur only if all of its ancestor events have already occurred. We call an
observation z of X = (X1,...,Xy) compatible with T if there are parameters 6 such that T’
generates x with positive probability. The states compatible with a mutagenetic tree T form
a finite distributive lattice (C(T), V,A), where V and A denote the componentwise maximum
and minimum operator, respectively (Fig. 1(b)).
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Figure 1: Algebraic invariants of a mutagenetic tree model: (a) Mutagenetic tree T on n = 3
events; (b) Induced lattice of compatible states; (c) Grobner basis for the ideal of invariants.
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The set C(T) can be generated recursively as follows. Let T'(v) be the subtree of T' rooted
at v and denote by ch(v) the set of children of v in T If we set

c {0,1} if v is a leaf,
" Hovawytu ({1u} X Hu&h(u)cu) else,

then the Cartesian product [ ], ¢ o) Cu equals C(T).

3 Algebraic Invariants.

The statistical model 7 is an n-dimensional algebraic variety in the 2" — 1 dimensional
probability simplex given by the image of the polynomial map that maps the parameters
0 to the model probabilities p;(0), i € Z = {0,1}". The algebraic invariants of 7 are the
polynomials in the polynomial ring R[p;, ¢ € Z] that vanish on 7. The ideal they form is
characterized by the following theorems (Fig. 1(c)).

Theorem 1. The ideal of invariants of a mutagenetic tree T is generated by the following
polynomials:

e the monomials p;, © incompatible with T,
e the squarefree quadratic binomials p;p; — piviping, ¢ and j compatible with T', and

o thesum ) ., pi— 1.

Theorem 2. Fiz the lexicographic order inZ and the reverse lexicographic order in R[p;, i €
Z). Then the following polynomials form a reduced Grébner basis for the ideal generated by
the homogeneous invariants of T :

e pi, i incompatible with T, and
® Dipj — PiviDing, 1,7 compatible with T and (i Aj) <i<j < (iVj).

The underlined terms are the leading monomials according to the fixed term order.

In summary, the algebraic invariants of mutagenetic trees can be constructed combina-
torically without the use of computer algebra techniques such as elimination and Grobner
basis computation. The computational complexity of generating the Grébner basis in The-
orem 2 is only linear in the size of the output. The length of this basis is O(4™), but the
specific combinatorical structure suggests more compressed representations. The complete
knowledge of the invariants provides a solid basis for model selection, parameter estimation,
and statistical inference.
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